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Does a Kalb–Ramond field make spacetime optically active?
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Abstract. A spacetime with torsion produced by a Kalb–Ramond field coupled gravitationally to the
Maxwell field, in accordance with a recent proposal by two of us (PM and SS), is argued to lead to optical
activity in synchrotron radiation from cosmologically distant radio sources. We show that this indicates
a very small, but possibly observable rotation of the plane of polarization of the radiation, above and
beyond the Faraday rotation due to magnetized galactic plasma. Implications for heterotic string theory
are outlined.

1 Introduction

The massless antisymmetric tensor Kalb–Ramond (KR)
field has been an inherent aspect of supergravity theories.
Indeed, the tensor multiplet in N = 1 theories has inter-
esting duality properties that are exploited in its coupling
to supergravity [1]. In extended supergravity, the KR field
becomes a part of the supergravity multiplet itself, thus
playing a more intrinsic role. The importance of the KR
field in supergravity theories in various spacetime dimen-
sions has been emphasized more than ever in string the-
ories [2]. Supergravity multiplets constitute the massless
sector of string theories. As such, they inevitably contain
massless KR fields. Such fields have an important property
in that they enable one to implement a spacetime back-
ground for string theory possessing torsion in addition to
curvature.

One aspect which particularly deserves attention in
this respect is that of cosmology in the presence of torsion,
or, equivalently, in the presence of a KR field. Indeed, the
cosmological domain is the most likely arena for physical
“stringy” effects to appear. Since sources of torsion exist
in the massless spectra of most viable string theories (in
the form of the KR field), at least in the perturbative sec-
tor, cosmological models with non-zero torsion are of sub-
stantial interest. Restricting one’s attention to Einstein–
Cartan spacetimes, the issue of gauge invariant coupling
to standard massless gauge fields arises. The well-known
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problem [3] associated with the Maxwell field has been
addressed in [4] by introducing a KR field, and augment-
ing it in accord with requirements of quantum consistency
of heterotic string theory toroidally compactified to four
spacetime dimensions.

In this paper, we examine the consequences of the re-
sulting dynamics, to discern effects that could, even if re-
motely, be astrophysically/cosmologically observable. The
possibility that a KR field may induce a rotation of the
plane of polarization of electromagnetic synchrotron ra-
diation from cosmologically distant sources, was already
alluded to in [4]. Now, it is well known that galactic syn-
chrotron radiation frequently exhibits an optical activ-
ity in that the plane of polarization undergoes a rotation
during propagation, through an angle proportional to λ2

(where λ is the wavelength). This is the phenomenon of
Faraday rotation that occurs during propagation of elec-
tromagnetic waves through a magnetized medium like the
galactic magnetized plasma. The constant of proportion-
ality, called the Faraday rotation measure is a function of
the galactic (or inter-galactic) magnetic field, the density
of the medium and so on.

The key aim of the present paper is to argue that
Einstein–Kalb–Ramond–Maxwell coupling leads to an ad-
ditional rotation of the polarization plane, which is inde-
pendent of wavelength, and hence an effect beyond the
well-studied Faraday rotation. Furthermore, this rotation
is universal in that it is independent of galactic parameters
like magnetic field, density of the plasma etc. One expects
the angle of rotation to be non-negligible only for galaxies
of large (i.e. > 2.0) redshift, so that one is tempted to
attribute a truly cosmological origin to this effect.

A remark on our basic strategy is perhaps in order: in
the sequel, we treat the KR field as a tiny perturbation



358 Sayan Kar et al.: Does a Kalb–Ramond field make spacetime optically active?

on the Maxwell field equations in a standard cosmological
background. In other words, despite the assumed “primor-
dial” origin of the KR field, we restrict its strength to such
small values that its energy density plays an insignificant
role in shaping geometry on a cosmological scale. Put dif-
ferently, we assume that the KR field has stabilized with
respect to the cosmic (matter or radiation) fluid long be-
fore photon-dust decoupling. There can exist in principle
however a cosmic KR background field which has not dis-
appeared entirely, and it is this which purportedly leads to
the “universal” optical activity alluded to earlier. Clearly,
one expects this to influence the polarization anisotropy
of the cosmic microwave background radiation (CMBR)
as well, the details of which we hope to report elsewhere.

For the spacetime background, we choose the spatially
flat Friedmann–Robertson–Walker background with the
scale factor depending only on (conformal) time, evolving
according to both a radiation dominated and a matter
dominated scenario. The optical activity appears to per-
sist in both cases.

This paper is organized as follows: in Sect. 2, we review
the important aspects of the earlier paper [4] as back-
ground for the present work. This is followed in Sect. 3 by
a presentation of the solution of Maxwell–KR field equa-
tions in a flat background spacetime and retaining only
the leading order coupling of the two fields. The first hint
of optical activity already appears at this preliminary, al-
beit cosmologically unphysical stage. Section 4 constitutes
the main part of the work, where, in a spatially flat FRW
background, the Maxwell–KR equations are considered for
conformal factors pertaining to the radiation and matter
dominated scenarios. An expression for the angle of rota-
tion of the plane of polarization is obtained, in the large η
(conformal time) dependence on redshift. Section 5 sum-
marizes our conclusions.

2 Einstein–Maxwell–Kalb–Ramond coupling

Let us briefly recapitulate the main tenets of the earlier
paper [4]. It is well known that the electromagnetic field
tensor, defined as the generally covariant curl of the four
potential, is not invariant under the standard U(1) elec-
tromagnetic gauge transformation δAµ = ∂µω, assuming
that the torsion tensor T ρ

µν – a purely geometric quantity
like curvature – must be gauge invariant. Therefore the
“minimal coupling prescription” is not tenable in this sit-
uation. Thus, the standard definition of the field tensor,
viz., Fµν = ∂[µAν] is retained, and all covariant deriva-
tives in the sequel are defined using the Christoffel con-
nection. However, this does not lead to any coupling of the
Maxwell field to the torsion. To that effect, we introduce
a Kalb–Ramond (KR) antisymmetric second rank tensor
field Bµν as a possible source of torsion. The KR field
strength is modified by U(1) Chern–Simons terms which
originate from the quantum consistency of an underlying
string theory [2]. This augmented field is coupled to the
torsion in a way that the resulting action preserves all
gauge symmetries and has the form

S =
∫

d4x
√−g

[
1

16πG
R(g, T ) − 1

4
FµνF

µν

− 1
2
H̃µνλH̃

µνλ +
1√
G
TµνλH̃µνλ

]
, (1)

where R is the scalar curvature, defined by R = Rαµβνg
αβ

gµν . Rαµβν is the Riemann–Christoffel tensor:

Rκ
µνλ = ∂µΓ

κ
νλ − ∂νΓ

κ
µλ + Γκ

µσΓ
σ
νλ − Γκ

νσΓ
σ
µλ. (2)

The torsion tensor Tµνλ is an auxiliary field in (1), obeying
the constraint equation

Tµνλ =
√
GH̃µνλ, (3)

where H̃µνλ ≡ ∂[µBνλ] + (1/3)G1/2A[µFνλ] [4]. Thus, the
augmented KR field strength three tensor plays the role
of the spin angular momentum density which is the source
of torsion [5]. Substituting the above equation in (1) and
varying with respect to Bµν and Aµ respectively, we obtain
the equations

DµH̃
µνλ = 0 (4)

and
DµF

µν =
√
GH̃µνλFλµ. (5)

Now, the KR three tensor is Hodge dual to the deriva-
tive of a spinless field φ, so that, after a partial integration,
one obtains

Sint =
1
2

∫
d4xφFµν

∗Fµν , (6)

where ∗Fµν ≡ εµνλσFλσ. Here, we have noted the fact
that

1√−g
∂ν(

√−g
∗
Fµν) = DS

µ
∗Fµν = 0 (7)

by the Maxwell–Bianchi identity, where DS is the covari-
ant derivative using the Christoffel connection.

In general, in addition to the graviton and the KR
field, the perturbative sector of the heterotic string con-
tains a scalar dilaton field whose dynamics is also known
to have cosmological consequences [6]. In this paper, we
shall however ignore this dynamics for the moment and
focus instead on what the KR field does. In any event, the
dilaton field couples to the Maxwell Lagrangian and the
kinetic term of the KR field, and so cannot affect in any
major way the optical activity induced by the axion (KR)
field; the latter effects appear due to the fact that F ∗F
is pseudoscalar. Freezing the dilaton field and taking the
KR field strength to be

Hµνρ = εσµνρDσH,

where H is a pseudoscalar, one obtains the modified gen-
erally covariant Maxwell equations [4]

D · E = 2
√
GDH · B,

D0E − D × B = −2
√
G[D0HB − DH × E]

+2G
[
(B2 − E2)A + (A · E)E

+(A · B)B
]
,

D0B + D × E = 0 = D · B. (8)
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Here Dµ is the covariant derivative in the spatially flat
FRW metric. To a first approximation, we drop the O(G)
terms arising from the stringy augmentation of the KR
field strength in terms of the Chern–Simons three form.
Next, redefine the pseudoscalar field H to absorb the G1/2,
so that this field becomes dimensionless. The equations
now look like

D · E = 2DH · B,

D0E − D × B = −2[D0HB − DH × E],
D0B + D × E = 0 = D · B. (9)

The last equations in the array constitute the Maxwell–
Bianchi identity. In a spatially flat isotropic FRW back-
ground with metric

ds2 = R2(η)(dη2 − dx2), (10)

where η is the conformal time coordinate, defined by dη =
dt/R(t), the above equations assume the form

∇ · ER2 = 2∇H · BR2,

∂η(ER2) − ∇ × BR2 = −2[∂ηHBR2 − ∇H × ER2],

∂η(BR2) + ∇ × ER2 = 0 = ∇ · BR2. (11)

3 Flat universe

We first consider the simple situation corresponding to
a flat background spacetime (R(η) = 1), just to obtain
a preliminary understanding of the effects involved. This
simplification does not in any way reduce the qualita-
tive aspects of the optical effects under discussion, al-
though the quantitative details obtained in this manner
may not be reliable. Recall that the KR field strength
Hµνρ = ∂[µBνρ], so that it satisfies the Bianchi identity

εµνλσ∂σHµνλ = 0. (12)

This immediately implies that the pseudoscalar H satisfies
the massless Klein–Gordon equation ✷H = 0. For non-flat
backgrounds, the d’Alembertian operator is to be replaced
by its generally covariant counterpart. We note that this
is a departure from approaches in the literature where the
axion (KR) field H is introduced ad hoc with no specified
dynamics; here the Bianchi identity of the dual KR field
is precisely the equation of motion of the axion. Assume
now that H is only a function of the comoving time coordi-
nate η, so that, the Klein–Gordon equation reduces to the
simple equation d2H/dη2 = 0 with the obvious solution
H = hη + h0, where h and h0 are constants. Proceeding
along the lines of [7,8], we arrive at the equation

d2b±
dη2 + (k2 ∓ 2hk)b± = 0, (13)

where we have decomposed B = b(η)eik·x and have cho-
sen the z direction to be the propagation direction of the
electromagnetic wave. The circular polarization states are

defined by b± ≡ bx ± iby. Unlike the corresponding equa-
tion in [7], (13) can be solved exactly:

b± = b0eiω±η ≡ b0eiφ± , (14)

where ω2
± ≡ k(k ∓ 2h).

The optical activity due to the presence of the KR field
is then given by the difference

(∆φ)mag ≡ 1
2

(φ+ − φ−) = −hη, for k � h. (15)

We also note that the equation for the electric field (with
the assumption E = e(η)eikz and a similar definition for
e±) yields an identical result for the amount of rotation
of the electric field.

All this is clear indication of an optical activity in-
duced by the KR field. Admittedly, an axion field linearly
increasing with time is extremely unphysical from a cos-
mological point of view, because for large η its energy
is bound to affect the cosmological evolution. However,
this flat spacetime analysis is to be construed merely as
a qualitative illustration of the claim that there is indeed
a non-vanishing rotation of the plane of polarization of
electromagnetic radiation. Quantitative details of this sec-
tion are not very relevant from the standpoint of realistic
cosmology. However, it will turn out that the qualitative
effect does persist even in more realistic cosmological back-
grounds.

4 Spatially flat FRW universe:
radiation and matter dominated cases

The next immediate step in our analysis is to solve
Maxwell equations once again in a non-trivial cosmology
– we choose for simplicity the spatially flat Friedmann–
Robertson–Walker (FRW)-type of background. The equa-
tion for the pseudoscalar field is given by

✷H = 0. (16)

For a spatially independent H field, such that H ≡ H(η)
we have a first integral of the form

∂0H =
h

R2(η)
, (17)

where h is an integration constant, which, in a sense, is
a “measure” of the pseudoscalar H field or, equivalently,
the dual three form field Hµνλ.

The equations that the polarization states b± satisfy
for such a background can be similarly written down in
terms of the quantity F±, where b± = F±/R2. They are

d2F±
dη2 +

(
k2 ∓ 2hk

R2(η)

)
F± = 0. (18)

A corresponding equation for the electric field polarisa-
tion states e± can also be obtained in terms of the quantity
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G±, where e± = G±/R2, which is identical to the equation
for F±.

The equations, of course, can be solved explicitly only
if knowledge of the scale factor R(η) is available. One may
resort to a WKB approximation along the lines of [7] and
arrive at qualitative results. We prefer, as an alternative
exercise, to choose a “physically reasonable” scale factor
and derive the effects of optical activity for such a case. As
mentioned earlier, the actual situation will correspond to
a scale factor corresponding to a solution of the Einstein–
KR–Maxwell-dilaton equations of motion for low energy
effective supergravity. However, since the dilaton couples
to the Maxwell Lagrange density and not to F ∗F , it is
unlikely that the effect that we find without it will be
washed away by its inclusion.

Let us assume a scale factor R(η) = η/ηR
0 which is

equivalent, in real time, to the scale factor of a radia-
tion dominated FRW model, for 1/ηR

0 = (8πGε0/3)1/2,
with ε0 being the primordial radiant energy density. For
a matter dominated model we assume R(η) =

(
η/ηM

0
)2.

Our objective is to obtain the asymptotic dependence on
η and the parameters of the theory which are h̃ = h(ηR

0 )2,
h′ = h(ηM

0 )4 and the wave number k. Accordingly, we have
the two equations for the radiation and matter dominated
cases which we quote below:

d2F±
dx2 +

(
1 − µ2

±
x2

)
F± = 0, µ2

± ≡ 2h̃k, (19)

and

d2F±
dx2 +

(
1 − µ2

±
x4

)
F± = 0, µ2

± ≡ 2h′k3. (20)

In the above, we use dimensionless quantities throughout,
with x = kη.

We now use the ansatz

F±(x) = eixv±(x), (21)

so that (19) and (20) reduce to

d2v±
dx2 + 2i

dv±
dx

− µ2
±
x2 v± = 0, (22)

d2v±
dx2 + 2i

dv±
dx

− µ2
±
x4 v± = 0. (23)

We are only interested in an asymptotic solution of these
equations for x → +∞. Accordingly, we choose a solution
for both cases of the type

v±(x) = v±
0 +

v±
1

x
+

v±
2

x2 + · · · (24)

This is an asymptotic solution, as given in standard
texts on differential equations. If this ansatz is used to
calculate the various coefficients, one finds that in both
cases all coefficients are proportional to v±

0 . For the radi-
ation dominated case, the coefficients are a finite series in
powers of h̃; for the matter dominated case, they are all

proportional to h′. The angle of rotation of the polariza-
tion plane, to lowest non-trivial order in 1/x (remember
that x = kη) is given by

∆φ = | arg v+
0 − arg v−

0 + 2 tan−1(h̃k/x)|, for RD, (25)

and

∆φ = | arg v+
0 − arg v−

0 + 2 tan−1(h′k3/3x3)|, for MD.
(26)

But, recalling that the angle of rotation must vanish in
the absence of our proposed interaction, we get arg v+

0 −
arg v−

0 = 0. Note that no assumption has been made about
the dependence of the coefficients on h. Thus, the angle
of rotation in the two cases are

∆φ = |2 tan−1(h̃/η)|, for RD, (27)

and
∆φ = |2 tan−1(h′/3η3)|, for MD. (28)

For very small h, the inverse tangent may be replaced
by its argument. These are our predictions (to the lowest
order in h) for the rotation angle. It is more convenient to
replace the co-moving time coordinate η first in terms of t
defined earlier (just following (10)), and then reexpressing
t in terms of the redshift z,

t − t0 =
1

2H0

[
1 − (1 + z)−2] , for RD, (29)

t − t0 =
2

3H0

[
1 − (1 + z)−3/2

]
, for MD. (30)

One can obtain expressions for the rotation of the elec-
tric field which turn out to be the same as for the magnetic
field. The resulting formulae can be considered to be the
predictions of our model for the rotation in the plane of
polarization of synchrotron radiation from cosmologically
distant galaxies, above and beyond the standard Faraday
rotation due to galactic (and possibly inter-galactic) mag-
netic fields.

5 Conclusions

In this paper, we have presented arguments to the effect
that due to a KR (axion) field which endows the space-
time in its immediate vicinity with torsion, one arrives at
a “primordial” optical activity. The rotation of the polar-
ization plane of electromagnetic radiation from cosmolog-
ically distant galaxies is predicted to be
(a) independent of wavelength and
(b) “universal” in the sense of its independence of pa-
rameters of the source galaxy (or indeed the inter-galactic
medium). An observational result in support of this pre-
diction is most likely evidence of the existence of a pri-
mordial KR field and hence of a spacetime with (non-
propagating) torsion in an early epoch. Since a KR field
occurs naturally in some supergravity theories and hence
in the massless spectrum of closed string theory, such an
observation may perhaps be construed to be evidence for
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supergravity as well as being a hint of an underlying string
structure. There is also the likelihood of a KR field being
a component of dark matter1. As pointed out in [12], such
a weak coupling could be detected perhaps in future, if
not through presently available data.

We should also remark that our results imply the ab-
sence of any inherent anisotropy of spacetime. The origin
of the effect, as stated earlier, is the additional KR field
coupling to the Maxwell field with gravitational strengths
in a manner manifestly consistent with an isotropic back-
ground spacetime. This is in contrast to an hypothesis [9]
behind the claim of an observed effect, which postulated
a preferred direction in space around which the data os-
tensibly displayed a dipole-type angular distribution. We
do not predict any such correlations.

As already alluded to in the Introduction, the optical
activity we discuss here is also likely to be manifest in
the CMBR, that is to say in its polarization anisotropy.
This is already on the agenda of observational astronomy,
most notably in the latest microwave anisotropy probe
(MAP) launched recently by NASA. The measurements
of the anisotropy in the polarization map of CMBR is an
important aspect of the program undertaken in MAP. We
hope to report in the near future on the ramifications of
our work for such an anisotropy.

Apart from the astrophysical ramifications of our work,
the fact that the only known proposal of coupling the
Maxwell field to an Einstein–Cartan geometry in a gauge
invariant manner leads directly to the optical activity dis-
cussed above can, in principle, be of significant use in the
detection of torsion as a geometrical property of space-
time.
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